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ABSTRACT
We derive semi-analytic solutions for optically thick, super-Eddington stellar winds, induced
by an assumed steady energy addition ∆E˙ concentrated around a near-surface heating radius
R in a massive star of central luminosity L∗. We show that obtaining steady wind solutions
requires both that the resulting total luminosityLo = L∗+∆E˙ exceed the Eddington luminos-
ity, Γo ≡ Lo/LEdd > 1, and that the induced mass loss rate be such that the “photon-tiring”
parameter m ≡ M˙GM/RLo 6 1 − 1/Γo, ensuring the luminosity is sufficient to overcome
the gravitational potential GM/R. Our analysis unifies previous super-Eddington wind mod-
els that either: (1) assumed a direct radiative flux-driving without accounting for the advection
of radiative enthalpy that can become important in such an optically thick flow; or (2) assumed
that such super-Eddington outflows are adiabatic, neglecting the effects of the diffusive radia-
tive flux. We show that these distinct models become applicable in the asymptotic limits of
small vs. large values of mΓo, respectively. By solving the coupled differential equations for
radiative diffusion and wind momentum, we obtain general solutions that effectively bridge
the behaviours of these limiting models. Two key scaling results are for the terminal wind
speed to escape speed, which is found to vary as v2∞/v
2
esc = Γo/(1 + mΓo) − 1, and for the
final observed luminosity Lobs, which for all allowed steady-solutions with m < 1 − 1/Γo,
exceeds the Eddington luminosity, Lobs > LEdd. Our super-Eddington wind solutions have
potential applicability for modeling phases of eruptive mass loss from massive stars, classical
novae, and the remnants of stellar mergers.
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1 INTRODUCTION AND BACKGROUND
The high luminosity of massive stars means that radiative forces
can drive strong mass loss. For example, the interaction of the large
continuum luminosity L∗ with the bound-bound opacity of heavy
minor ions is understood to lead to strong, line-driven stellar winds.
The associated mass loss rates range up to about 10−5M yr−1,
strong enough to substantially reduce the star’s mass over its evo-
lutionary lifetime (Vink et al. 2000). The terminal flow speeds are
typically of order v∞ ≈ 1000−3000 km s−1, with a scaling that is
generally a few times the escape speed vesc =
√
2GM/R for wind
initiation from a surface radius R of a star with mass M (Mu¨ller
& Vink 2008). In Wolf-Rayet stars, the winds become modestly
optically thick, with multi-line scattering leading to a wind mo-
mentum M˙v∞ that can exceed the single-scattering limit L∗/c
by up to factors of ten or so (Nugis & Lamers 2000). Nonethe-
less, even in such Wolf-Rayet stars, the total wind energy loss rate
E˙w = M˙(v
2
∞/2 + GM/R) is generally less than about 10% of
the stellar luminosity L∗. In effect, because of the self-saturation
of line-acceleration at large mass loss rates, such line-driven winds
are energetically inefficient, with most of the core stellar energy
escaping as stellar luminosity, instead of as wind energy.
The present paper explores the nature of super-Eddington
winds driven by the continuum opacity associated with free elec-
trons, showing that these can in principle tap a much larger frac-
tion of the total energy supplied from below. As recently sum-
marized by Quataert et al. (2016), there is strong evidence that
massive stars undergo periods of super-Eddington energy gener-
ation/deposition, although the specific physical causes are not well
understood. The giant eruptions of luminous blue variables (LBVs)
such as Eta Carinae radiate a photon luminosity significantly ex-
ceeding the Eddington luminosity for months-decades (many dy-
namical times) and drive an outflow whose time-averaged kinetic
power exceeds both the Eddington luminosity and probably the
photon luminosity (Smith et al. 2003; Davidson & Humphreys
2012). Such outbursts may dominate the total mass-loss from mas-
sive stars (e.g., Humphreys & Davidson 1994; Smith & Owocki
2006; Kochanek 2011). Moreover,∼10 per cent of supernova (SN)
c© 0000 RAS
ar
X
iv
:1
70
8.
07
79
0v
1 
 [a
str
o-
ph
.SR
]  
25
 A
ug
 20
17
2 Owocki, Townsend & Quataert
progenitors experience enhanced mass-loss in the decades to weeks
prior to core collapse (much larger than can be explained by line-
driven winds). Evidence for this powerful mass-loss includes obser-
vations of luminous outbursts that precede SNe (Foley et al. 2007;
Pastorello et al. 2007; Fraser et al. 2013, 2015; Humphreys et al.
2012; Mauerhan et al. 2013; Ofek et al. 2013) and mass-loss rates
∼ 0.001− 1M yr−1 inferred from observations of circumstellar
interaction in Type IIn SNe (e.g., Kiewe et al. 2012; Smith 2014).
As in the analysis by Quataert et al. (2016) (see also Shen et al.
2016), the specific model explored here assumes that, within some
subsurface layer, the core stellar luminosity L∗ is supplemented by
a localized, quasi-steady energy deposition rate ∆E˙, leading to a
combined luminosity Lo = L∗ + ∆E˙ that exceeds the Edding-
ton luminosity LEdd ≡ 4piGMc/κe. Such a model represents a
generic approach to accounting for various specific energy deposi-
tion mechanisms that could be associated with episodes of strong
mass loss, including wave deposition (Piro 2011; Quataert & Sh-
iode 2012), pre-SN core instabilities (Chen et al. 2014), and binary
merger or common envelope interaction (Ivanova et al. 2013; Pod-
siadlowski 2013; Justham et al. 2014). In some of these contexts,
the energy deposition might be initially sudden, but with a magni-
tude that is insufficient to disrupt the overlying envelope. As such,
following an initial prompt ejection of some fraction of the overly-
ing envelope mass, the fallback of the overinflated, but still bound
envelope can lead to a prolonged release of extra energy on a ther-
mal timescale that is much longer than the dynamical timescale. If
the combination of energy deposition and core luminosity exceeds
the Eddington luminosity, it implies the quasi-steady condition for
super-Eddington wind outflow explored here.
Unlike the inherent saturation of line-driving at high-densities,
the continuum driving of a super-Eddington outflow can be initiated
and sustained from a much deeper, denser layer, leading to much
greater wind optical depths, of order τ ∼ 103 or more. In such
a very optically thick wind, the ambient radiation pressure greatly
exceeds the energy density associated with the net radiative flux,
Prad/(Frad/c) ∼ τ  1. This has led to super-Eddington mod-
els grounded in such an optically thick interior perspective (e.g.,
Quataert et al. 2016; Shen et al. 2016), which effectively ignore
the direct driving by the radiative flux Frad. In these models, local-
ized heating is assumed to increase the radiative specific enthalpy
hrad = 4Prad/ρ; when this exceeds the specific gravitational bind-
ing energy GM/R, it leads to a simple Bernoulli solution for a ra-
diatively dominated (γ = 4/3) adiabatic wind expansion powered
by the radiative enthalpy.
In contrast to this optically thick interior approach, mod-
els grounded in a more-traditional surface wind perspective (e.g.,
Owocki & Gayley 1997; Owocki et al. 2004) assume direct flux-
based continuum driving that accounts for the “photon tiring” re-
duction in radiative luminosity from the work being done to lift
and accelerate the wind; but this approach ignores the dynamical
effects of the large ambient radiation pressure and the associated
radiative enthalpy, precisely the terms that are important in the adi-
abatic models.
The aim of this paper is to reconcile and unify these two dis-
tinct previous perspectives for modeling a super-Eddington wind.
As detailed in §2, our approach is grounded in solving the cou-
pled system of differential equations for both radiative diffusion
and wind momentum, including now both the diffusive and advec-
tive components of the radiative flux. The non-dimensional forms
of these equations (§2.4) are cast in terms of two key dimension-
less parameters, namely the Eddington factor Γo ≡ Lo/LEdd, and
a photon-tiring parameter m ≡ M˙GM/RLo (Owocki & Gay-
ley 1997) that characterizes that fraction of total energy input Lo
needed to sustain the wind mass loss rate1 M˙ against the gravita-
tional binding GM/R. In §3, we show how the previous models
for flux-driven vs. radiative-enthalpy-powered mass loss asymptot-
ically apply in the opposite limiting regimes of, respectively, small
vs. large values of the product mΓo. The full solutions in §4 show
how the regimes are bridged, with the added energy initially going
into radiative flux, which however is then converted by radiation-
pressure drag on the initial flow acceleration into radiative-enthalpy
flux that sustains the acceleration into the outer wind. This section
also gives key relations for how the terminal wind energy and ob-
servable luminosity scale with the parameters m and Γo. We con-
clude (§5) with a summary discussion and outlook for future work.
The appendices give details of our solution method (§A), provide
extensions of the base analysis to account for a non-zero gas sound
speed (§B), and consider the potential role of convection in delay-
ing the wind onset to a layer where convection becomes inefficient
(§C).
2 GENERAL MODEL
2.1 Basic Equations
Following equations (4) of Jiang et al. (2015), we can write the
3D steady-state (∂/∂t = 0) equations for conservation of mass,
momentum and energy of a gas, plus the diffusion equation of ra-
diation transport, in the form,
∇ · (ρv) = 0 (1)
∇ · (ρvv + PI) = ρκ
c
(F− vErad − v · Prad)− ρg (2)
∇ · [(E + P )v + F] = −ρv · g + q˙ (3)
∇ · Prad = −ρκ
c
(F− vErad − v · Prad) . (4)
Here E ≡ Eg + ρv2/2 and Eg ≡ P/(γ − 1) = (3/2)P , where
P = ρkT/µ is the gas pressure in terms of mass density ρ, tem-
perature T , and molecular weight µ.
In the total energy equation (3), we have added a volumet-
ric heating source q˙, with v the flow velocity, g the gravity, and
F the observer-frame radiative flux. For the optically thick wind
models here, we assume the Eddington relation between radiative
energy density and radiative pressure, Erad = 3Prad, with a corre-
spondingly isotropic pressure tensor Prad = Prad I . The radiation-
pressure “drag” term in the momentum equation (2) and the radia-
tive diffusion equation (4) then takes the form vErad + v · Prad =
4Prad v. The opacity κ is taken here to be fixed to the electron scat-
tering value, used below (see equation 15) to define an associated
constant Eddington luminosity, LEdd = 4piGMc/κ.
1 This mass loss rate is not derived explicitly here, but is effectively a free
parameter, implicitly set by the density at the heating radius in terms of
the gas sound speed, M˙ = 4piR2ρ(R)csg. Since this sound speed has an
associated energy that is much less than the gravitational binding energy,
wsg = c2sg/v
2
esc  1, it has limited dynamical effect in driving the wind.
The solutions derived in §4 thus assume the idealized limit wsg → 0, with
discussion of the effects of a small, but finite wsg ≈ 10−3 − 10−2 given
in Appendix §B.
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For 1D spherical symmetry with variations only in radius r,
the above then reduce to:
M˙ = 4piρvr2 (5)
v
dv
dr
=
κ
c
(
L
4pir2
− 4vPrad
)
− GM
r2
− 1
ρ
dP
dr
(6)
d
dr
[M˙(v2/2 + hg −GM/r) + L] = 4pir2q˙ (7)
dPrad
dr
= −ρκ
c
(
L
4pir2
− 4vPrad
)
, (8)
where M˙ is the mass loss rate, and the gas specific enthalpy hg ≡
(5/2)kT/µ = (5/2)P/ρ = (5/2)c2sg, with csg the isothermal gas
sound speed.
In both the momentum equation (6) and diffusion equation
(8), F = L/4pir2 is the radiative flux in the stellar (observer) rest
frame, while the full term in parentheses represents the diffusive
flux in the flow’s co-moving frame, which accounts for the reduc-
tion from the advective flux 4vPrad. We can thus write the associ-
ated luminosities as
L = Ldiff +Ladv = Ldiff +4pir
2 4vPrad = Ldiff +M˙hrad , (9)
where the last equality introduces the specific radiative enthalpy,
hrad ≡ 4Prad/ρ. The various super-Eddington wind models in the
literature differ primarily in how they treat the energy transport in
equation (9). Quataert et al. (2016) included only Ladv, neglecting
Ldiff , while the photon tiring analyses by Owocki & Gayley (1997)
and Owocki et al. (2004) included Ldiff , but neglected Ladv.
In the unified models below, we show that Ladv represents a
drag on the initial acceleration by the diffusive luminosity Ldiff ,
but that the associated conversion of Ldiff to advection of radiative
enthalpyLadv then powers and sustains the outer wind acceleration
(see, e.g., figure 6). This dual role of the advective luminosity Ladv
as both an initial drag then eventual driver of the flow acceleration
is one of the key, novel insights from our unified models.
2.2 Neglect of gas enthalpy, pressure, and sound speed
Using the mass conservation equation (5), we can recast the gas
pressure term in the momentum equation (6) to give,(
1− c
2
sg
v2
)
v
dv
dr
=
κ
c
(
L
4pir2
− 4vPrad
)
−GM
r2
+
2c2sg
r
−dc
2
sg
dr
.
(10)
For hot stars with mass-to-radius ratios comparable to the sun, the
surface escape speed, vesc ≈ 600 km s−1 is much larger than the
surface sound speed, csg ≈ 20 km s−1, giving then a sonic energy
ratio wsg ≡ c2sg/v2esc ≈ 10−3. At the base of a wind outflow with
optical depth τ  1, this increases as wsg ∼ T ∼ τ1/4, implying
that for a very large optical depth τ ∼ 104, one can have a scaled
sonic energy as high as wsg ≈ 10−2 compared to the gravitational
binding energy v2esc/2 = GM/R at the sonic/heating radius R.
Within the context here of initiating a radiatively driven wind
outflow from the subsurface layers of a hot, luminous star, one can
thus quite generally neglect the gas specific enthalpy hg in the en-
ergy equation (7), as well as the sound-speed terms on the right-
hand-side of the momentum equation (10), as these have little dy-
namical importance in driving the wind.
If we wish to account for a smooth transition to a subsonic,
nearly hydrostatic layer below the heating radius, we could option-
ally retain a finite value for the sound speed on the left-hand-side of
(10). Appendix §B presents results for models that include a small,
but finite sonic energy wsg = 10−3 − 10−2, for a case in which
the energy deposition is taken to be spread over narrow, but finite
extent, of order the gravitational scale height in the pre-heating re-
gion.
But for the idealized model below with an arbitrarily narrow
heating region, we simply take the zero-sound-speed limit even for
this left-hand-side term, and use this to derive wind solutions that
start from an initial speed v(R) = csg → 0.
2.3 Energy and momentum requirements for outflow
For this model of heating concentrated in a very narrow region cen-
tered on a radius R, i.e., 4pir2q˙ = ∆E˙ δ(r − R), the total net
heating
∆E˙(r) ≡
∫ r
R
4pir′2q˙ dr′ (11)
is a constant for r > R. The integral of the energy equation (7) can
then be solved for the luminosity for all r > R,
L(r) = ∆E˙(r) + L∗ − M˙
(
v(r)2
2
− GM
r
+
GM
R
)
, (12)
where L∗ represents the underlying stellar luminosity below this
heating radius; for convenience below, we define Lo = ∆E˙ + L∗
as the constant, total energy rate input at the lower-boundary radius
r = R of the induced wind outflow.
In equation (12) we have again neglected the kinetic energy
associated with the initial sonic-point flow speed, since as noted
above this is small compared to the gravitational binding energy
GM/R.
The terms in (12) proportional to the mass loss rate M˙ rep-
resent the photon tiring effect, i.e. the loss of radiative luminos-
ity due to the work done to accelerate the flow and lift it out of
the gravitational potential. Note that to ensure that the luminosity
remains positive even in the case with vanishing terminal speed
v∞ ≡ v(r → ∞) = 0, we require that the mass loss rate must be
below a maximal value given by
M˙max ≡ Lo
GM/R
= 0.032
M
yr
Lo
106L
R/R
M/M
. (13)
Defining a photon-tiring parameter,
m ≡ M˙
M˙max
=
M˙GM
RLo
, (14)
we see that requiring m 6 1 represents a fundamental energy con-
dition that there is sufficient luminosity to drive the wind to full
escape from the gravitational potential.
In terms of momentum, a further fundamental requirement is
that the radiative acceleration exceed gravity, which requires that
the base luminosity Lo exceed the Eddington luminosity LEdd ≡
4piGMc/κ. Defining an Eddington parameter
Γo ≡ Lo
LEdd
=
κLo
4piGMc
, (15)
this momentum condition takes the form Γo > 1. For a core lu-
minosity that is sub-Eddington, L∗ < LEdd, the heating radius
c© 0000 RAS, MNRAS 000, 000–000
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R can2 represent the transition from hydrostatic equilibrium to a
super-Eddington wind outflow.
In line-driven stellar winds, the saturation of relatively strong
lines gives the associated radiative acceleration an inverse-density
dependence, Γlines ∼ 1/ρ; this limits the wind initiation to a rel-
atively low-density surface layer, and makes the mass loss rate an
eigenvalue, set by line opacity and stellar parameters, with small
associated photon tiring values, m < 0.01. In contrast, continuum
driving has no such natural self-saturation (at least in 1D models
without porosity effects; see Owocki et al. (2004)), so the mass loss
rate has no eigenvalue, being limited only by the energy available;
thus in the study here, m and Γo are both treated as free parame-
ters, physically associated with the location and level of the added
heating.
Application of the luminosity from (12) into the momentum
equation (6) (with P = ρc2sg → 0), along with the radiation pres-
sure equation (8), forms a coupled system of ordinary differential
equations (ODE’s) for the variation of the flow speed v and radia-
tion pressure Prad with radius r,
v
dv
dr
= grad − GM
r2
(16)
dPrad
dr
= −ρgrad . (17)
Here the radiative acceleration is given by
grad ≡ κ
4pir2c
[
Lo − M˙
(
v2
2
− GM
r
+
GM
R
+ hrad
)]
,
(18)
where the radiative-enthalpy term is related to the gas pressure by
M˙hrad/4pir
2 = 4vPrad. The lower boundary radius R represents
the initiation of a super-Eddington wind, with mass loss rate M˙ =
4piR2ρ(R)csg and flow speed v(R) = csg. In the idealization that
csg → 0, we thus have a lower boundary condition that the flow
speed vanishes at this heating radius, v(R) = 0.
For the outer boundary at r → ∞, the bracket term in the
diffusion equation (17) approaches a constant, while ρ ∼ 1/r2;
this implies dPrad/dr ∼ 1/r4, and thus that the radiation pressure
must vanish as Prad ∼ 1/r3 → 0.
Recalling that M˙hrad ∼ vPradr2, we thus see that in this
zero-sound-speed idealization the coupling via the radiative en-
thalpy drag term vanishes at both the inner and outer boundaries.
2.4 Gravitationally scaled dimensionless equations
To solve this coupled system, it is convenient to recast it in a dimen-
sionless form that scales the variables in terms of the gravitational
escape speed vesc and the associated gravitational escape energy,
v2esc/2 = GM/R,
w ≡ v
2
v2esc
; p ≡ 4piR
2vescPrad
Lo
; η ≡ hrad
GM/R
. (19)
Recasting also the radial independent variable as x ≡ 1 − R/r
(which is proportional to the gravitational potential measured from
the radius R), the associated dimensionless forms for the coupled
2 We are ignoring here the potential role that convection might have in car-
rying sufficient energy flux to keep the radiative luminosity sub-Eddington.
Since convection can’t carry the added energy to large radii, this can only
delay the onset of a super-Eddington wind to a layer where convection be-
comes inefficient. See Appendix §C.
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Figure 1. For the case Γo = 2 in the direct flux-driven model without radia-
tive drag, gravitationally scaled wind kinetic energy w(x) = v2(r)/v2esc
plotted vs. x = 1−R/r, as given by equation (24).
equations for momentum (16) and for radiative diffusion (17) can
be written as
dw
dx
= Γo[1−m(w + x+ η)]− 1 (20)
= Γo
[
1−m(w + x)− 4p
√
w
(1− x)2
]
−1 (21)
dp
dx
= − (1− x)
2
√
w
mΓo [1−m(w + x+ η)] (22)
= − (1− x)
2
√
w
mΓo [1−m(w + x)] + 4mΓop . (23)
The latter forms for each equation, viz. (21) and (23), thus represent
the coupled system to be solved forw(x) and p(x) over 0 < x < 1,
with boundary conditions w(0) = wsg → 0 and p(1) = η(1) = 0.
3 LIMITING CASES
Before seeking general solutions, let us consider limiting cases that
recover the direct flux-driving vs. radiative enthalpy approaches.
As noted in the introduction, the dimensionless parametermΓo de-
fines two limiting regimes. For mΓo  1, the drag associated with
advection of radiation enthalpy is important, while for mΓo  1
it is not. The next section (§3.1) discusses the latter limit, while the
following section (§3.2) reviews the former.
3.1 Direct-driving neglecting radiation-pressure drag
If we simply drop the radiative-enthalpy term (containing p or η) in
the momentum equations (20) or (21), then using integrating fac-
tors, we can obtain a fully analytic solution of the equation of mo-
tion (21) (Owocki & Gayley 1997; Owocki et al. 2004),
m(w + x) = 1− e−mΓox . (24)
Figure 1 plots w(x) vs. x, for the labeled values of photon-tiring
parameter m, in the case with Γo = 2. Note for cases with m ∼>
0.8, the flow stagnates at a finite radius, i.e. at x < 1.
c© 0000 RAS, MNRAS 000, 000–000
Super-Eddington winds 5
0.0 0.2 0.4 0.6 0.8 1.0
x
0
1
2
3
4
5
4
τ
v
/
c
Γo = 2;mmax = 0.797
m/mmax
0.10
0.25
0.50
0.90
Figure 2. For the case Γo = 2, the ratio of the advective to diffusive flux
in solutions (equation 24) that neglect the former, plotted vs. x = 1−R/r
for various ratios of photon-tiring parameter m to its maximum value
mmax = 0.797. In the entire red region, 4τv/c > 1, implying that radia-
tion advection should be dynamically important, so should not be ignored.
For general Γo, the maximum photon-tiring number mmax,
for which w = 0 at x = 1, can be computed from
mmax = 1− e−mmaxΓo → mmax = 1 + W
(−Γo e−Γo)
Γo
,
(25)
where W is the product-log (or Lambert) function. For Γo & 1,
mmax . 1.
For flows with m 6 mmax, the ratio of observed luminosity
Lobs over base luminosity Lo scales as
Lobs
Lo
= 1−m(w(1) + 1) = e−mΓo . (26)
For the maximal photon-tiring case, m = mmax, this gives
Lobs
Lo
= e−Γo−W(−Γo e
−Γo) → 0 as Γo →∞ . (27)
Let us next examine the self-consistency of neglecting the ra-
diative drag, i.e., the advection of radiative enthalpy. For this, note
that the ratio of the advection of radiative enthalpy to the diffusive
radiative flux has the scaling
4vPrad
c|dPrad/dτ | ≈
4vPrad
cPrad/τ
= 4τv/c . (28)
We thus need to compute
4τ(r)
v(r)
c
=
κM˙v(r)
pic
∫ ∞
r
dr′
v(r′)r′2
= 4mΓo
√
w(x)
∫ 1
x
dx′√
w(x′)
, (29)
wheremΓo = κM˙/4piRc provides the overall scale for this optical
depth.
In the weak-photon-tiring limit m  1, the velocity has the
simple solution
√
w(x) =
√
(Γo − 1)x, giving
4τv/c = 8mΓo
√
x
(
1−√x) ; m 1 , (30)
which becomes zero at both the surface, x = 0, and at large radii,
x = 1, with a peak value of 2mΓo at x = 1/4.
Figure 2 plots 4τv/c vs. x for the case Γo = 2, and for various
ratios of the photon-tiring parameter to the maximum value given
by equation (25). In the entire red region, 4τv/c > 1, implying that
radiative drag should be dynamically important, and so should not
be ignored. This issue becomes even more problematic for models
with larger Γo, and ratios m/mmax close to unity.
But at the base (and far from the star), the drag becomes small,
implying one can still initiate the wind outflow with this formalism.
We return to this point in our discussion of full solutions in §4.
3.2 Radiative enthalpy neglecting diffusive radiative flux
In the opposite limit mΓo  1, we find that the radiative diffusion
equation (23) takes the form
− (1− x)
2
√
w
[1−m(w + x)] + 4p = 1
mΓo
dp
dx
→ 0 . (31)
Setting the pressure gradient term on the right-hand-side to zero,
we can recast equation (31) in the form of a Bernoulli equation for
wind energy w in terms the spatial coordinate x,
w + x+ η = w + x+
4p
m
√
w
(1− x)2 =
1
m
. (32)
Using the definitions in (19), conversion back to dimensional form
gives
v2
2
− GM
r
+ hrad =
Lo
M˙
− GM
R
. (33)
This conservation of energy (Bernoulli) equation was central to the
super-Eddington wind model by Quataert et al. (2016) (see their
equations 8 and 9). The enthalpy in (33) can be written in terms of a
radiative sound speed, hrad = 4Prad/ρ = 4c2sr. At the associated
radiative sonic radius rsr, we require v2sr = (4/3)c2sr and c2sr =
(3/8)GM/rsr (Quataert et al. 2016, see their equation 12), which
when applied to equation (33) gives
Lo
M˙
− GM
R
=
3
4
GM
rsr
=
3
2
v2sr . (34)
Dividing through by GM/R, this can be recast in dimensionless
terms,
1−m
m
=
3
4
(1− xsr) = 3wsr , (35)
which can be readily solved to give
wsr =
1−m
3m
; xsr =
7m− 4
3m
. (36)
Using the fact that η ∼ ρ1/3 ∼ (1−x)2/3/w1/6, the dimensionless
Bernoulli equation (32) can then be recast as
w + x+ 2
(
1−m
m
)(
1− x
1− xsr
)2/3 (wsr
w
)1/6
=
1
m
. (37)
Note that once the requirement mΓo  1 for enthalpy-driven flow
is satisfied, such enthalpy solutions depend only on m, and are in-
dependent of the particular value of Γo.
Setting x = 1 in equation (37) shows that the terminal flow
energy for this enthalpy model is given simply by
w(1) = 1/m− 1 . (38)
For all m, evaluations of the Bernoulli solution (37) give a termi-
nal wind energy that is 3 times the wind energy at the sonic point,
w(1) = 3wsr.
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For the fully tired case m → 1, the sonic-point speed van-
ishes, wsr → 0, while xsr → 1, implying that the sonic point
recedes to large radii, rsr → ∞. For a more moderate case in
which the sonic radius is at twice the heating radius, rsr/R = 2
(and so xsr = 1/2), we require m = 8/11 = 0.73. In this case,
wsr = 1/8 = 0.125. with a base flow energy w(0) = 0.073.
Somewhat more surprising is that for m < 4/7, xsr becomes
negative, indicating that for these cases, the initial flow at the heat-
ing radius must already be supersonic i.e., w(0) > wsr, in the
sense of this radiative sound speed, csr, which is much higher than
the gas sound speed csg discussed §2.1. This stems in part from the
simplification that the heating all takes place in a vanishingly small
region at r = R. But it also reflects the fact that, as a purely al-
gebraic solution, this Bernoulli approach does not have a boundary
condition that can insure low outflow speed from the heating radius
R. As discussed below (see, e.g., figure 4 and associated text), this
apparent inconsistency of the strict radiative enthalpy model is rec-
tified by including the diffusive radiative flux. In models with large
but finitemΓo, this leads to an initial boundary layer just above the
heating radius, where the flow is accelerated from small values and
the diffusive radiative flux is converted into advection of radiative
enthalpy.
Within this enthalpy model, the observed luminosity can be
estimated from the common value of the advective vs. diffusive lu-
minosity at an outer diffusion radius, which by equation (28) occurs
near where 4τv/c ≈ 1. Using equation (30), and assuming that the
flow speed at this radius is near its terminal value w1 = 3wsr, we
find that this diffusion location is set by xd ≈ 1− 1/(4mΓo). Ap-
plying this in the scaling for the advective luminosity with enthalpy,
we obtain
Lobs
Lo
≈
[
Ladv
Lo
]
d
= mηd
≈ 2(1−m)
(
1− xd
1− xsr
)2/3(
wsr
w1
)1/6
≈
(
1−m
Γ2o
)1/3
, (39)
where the second equality assumes wd ≈ w1, and the last form
replaces an order-unity collection of constants with unity. In terms
of the Eddington luminosity, the scaling in equation (39) can be
written as
Lobs ∼ LEdd
(
Lo
LEdd
)1/3
, (40)
which agrees with equation (41) of Quataert et al. (2016) (see also
Meier 1982; Begelman & Rees 1983; Shen et al. 2016); but the
full result (39) now includes an explicit dependence on the photon-
tiring parameter m.
4 FULL SOLUTION OF COUPLED ODE’S
Let us next develop and examine full solutions of the coupled sys-
tem of equations for wind momentum (21) and radiation pressure
(23).
In the limit mΓo  1, standard differential equation solvers
give stable solutions with a form that confirm quite well the ana-
lytic direct flux-driven solution (24). However, in the opposite limit
mΓo  1 of an enthalpy-powered-flow, the fact that the differ-
ential equation (23) for the radiative flux reduces to the algebraic,
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m
0 . 0
0 . 1
0 . 2
0 . 3
0 . 4
0 . 5
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0 . 7
0 . 8
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10− 1
100
w
/(
Γ o
−
1
)
Figure 3. Full solutions for scaled wind energyw/(Γo−1) plotted vs. spa-
tial coordinate x for Eddington parameters Γo = 2 (top) and 10 (bottom),
each with various values of photon-tiring parameter m. Compared with the
direct acceleration of the no photon-tiring case m = 0 (straight blue lines),
each case with increasing photon-tiring shows a slower acceleration, and
lower terminal speed.
Bernoulli form (32) implies that the general coupled ODE system
(23) and (21) becomes very stiff in this limit.
As detailed in Appendix §A, solutions in this general case thus
require a more careful approach that matches outward integrations
from the lower boundary with inward integrations from the outer
boundary. The remainder of this section presents results of these
full solutions of the coupled system.
4.1 Spatial variation of flow quantities
For Eddington parameters Γo = 2 and 10, the upper and lower
panels of figure 3 plot the spatial variation of wind energy scaled
by the Eddington parameter, w(x)/(Γo − 1), each with a range of
photon-tiring parameter m below their respective maximum value
mmax = 1 − 1/Γo. Compared with the direct acceleration of the
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10−5 10−4 10−3 10−2 10−1 100
x
10−3
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10−1
100
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Figure 4. For the strongly super-Eddington case Γo = 100, comparison
of the spatial variation of wind kinetic energy w (on a log-log scale) for
photon-tiring parameters m = 0.4, 0.6, and 0.8 (respectively blue, purple,
red curves). Note how the full solutions forw (solid curves) bridge the vari-
ations of the direct flux-driven model without radiation drag (dotted curves)
and the enthalpy model (dashed curves).
no photon-tiring case m = 0 (straight blue lines), each case with
increasing photon-tiring shows a slower acceleration, and lower ter-
minal speed.
For the strongly super-Eddington case Γo = 100, figure 4
compares the spatial variation of wind kinetic energy w (on a log-
log scale) for photon-tiring parameters m = 0.4, 0.6, and 0.8 (re-
spectively blue, purple, red curves). This shows how the full solu-
tions for w (solid curves) effectively “bridge” the variations of the
direct flux-driven model without radiation drag (dotted curves) and
the enthalpy model (dashed curves).
Figure 5 compares the spatial variation of various flow vari-
ables for a sample case with Γo = 10 and m = 0.6. The initial
near-base increase of the flow energy w (red curve) comes from the
direct flux-driving by the super-Eddington radiation with Γo = 10;
but the radiation drag also leads to a concomitant near-base increase
in the specific enthalpy η (purple curve). The total specific energy
w + η + x (black curve) remains nearly flat following the initial
buildup, with the steady growth in total wind energy w + x (blue
curve) effectively powered by the marked drop in radiative enthalpy
(purple curve). The overall result is a slower, more extended accel-
eration (red curve) than occurs in weak photon-tiring models with
small m.
The dashed purple curve for η/6 represents the square of the
adiabatic radiative sound speed. The intersection of this with the
wind energy w (red curve) represents the radiative sonic point,
given here by xsr ≈ 0.36. For m = 0.6 but larger Γo, this sonic
point approaches the analytic value xsr = (7m−4)/(3m) = 0.111
predicted by equation (36) for the radiative enthalpy limit (mΓo 
1).
4.2 Spatial variation of luminosity components
For this same sample case with Γo = 10 and m = 0.6, figure 6
compares the spatial variation of various components of luminosity.
The diffusive componentLdiff drops sharply from the base, due pri-
marily to losses to the radiative enthalpy η, which leads to a sharp
initial rise in the advective luminosity Ladv = Lomη, followed by
0.0 0.2 0.4 0.6 0.8 1.0
x
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
w
η
η/6
x+ w
x+ w + η
m = 0.6,Γo = 10
Figure 5. Comparison of spatial variation of various flow variables for a
sample case with Γo = 10 and m = 0.6. The initial near-base increase
of the flow energy w (red curve) comes from the direct flux-driving by the
super-Eddington radiation with Γo = 10, but the radiation drag also leads
to a concomitant near-base increase in the specific enthalpy η (green curve).
The total specific energy x+ w + η (black curve) remains nearly flat after
this initial buildup, with the rise in wind kinetic + potential energy x + w
(blue curve) powered by the drop in radiative enthalpy η. The dashed green
curve for η/6 represents the square of the adiabatic radiative sound speed.
0.0 0.2 0.4 0.6 0.8 1.0
x
0.0
0.2
0.4
0.6
0.8
1.0
L
/
L
o
Ltot/Lo = 1−m(w + x)
Ladv/Lo = mη
Ldiff/Lo = 1−m(w + x+ η)
m = 0.6,Γo = 10
Figure 6. Spatial variation of diffusive luminosity (blue curve), advective
luminosity (orange curve), and total luminosity (green curve) for standard
model with m = 0.6 and Γo = 10.
a decline as the enthalpy is used to help sustain the outflow. The
enthalpy thus acts as a storage conduit for the overall decline of to-
tal luminosity Ltot = Ldiff +Ladv due to work done in lifting and
accelerating the flow.
The advective and diffusive luminosities are equal to each
other at the diffusion radius rd = R/(1 − xd) ≈ 4mΓoR, where
τ ∼ c/v. This estimate is reasonably consistent with the numerical
result in Figure 6 and becomes yet more accurate for larger values
of mΓo.
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Figure 7. Logarithm of the terminal wind energy, logw(1), from full solu-
tions of the coupled ODE’s for energyw and pressure p, plotted as contours
vs. 1/Γo and m. The dotted curves compare the linear “bridging” form for
the terminal wind energy w(1) ≈ Γo/(1 + mΓo) − 1 between the lim-
iting cases w(1) = Γo − 1 for mΓo  1 and w(1) ≈ −1 + 1/m for
mΓo  1. The black diagonal line shows the maximum tiring parameter
mmax ≡ 1− 1/Γo; in the region to right and below this line, there are no
solutions reaching to large distance, x→ 1.
4.3 Wind optical depth
The radial optical depth of the wind is computed from
τ(x) =
∫ ∞
r(x)
κρ(r′) dr′ = τ∗
∫ 1
x
dx′√
w(x′)
, (41)
where for the lower bound of the first integral we recall that r(x) =
R/(1− x); the second equality introduces an optical depth scaling
factor,
τ∗ ≡ κM˙
4piR vesc
= mΓo
c
vesc
. (42)
For a mass-to-radius ratio M/R of the order the solar value, we
have c/vesc ≈ 500, giving for this case τ∗ ≈ 500mΓo = 3000.
From numerical integration, we find the optical depth ratio at the
wind base is typically order unity, e.g. for the standard case m =
0.6; Γo = 10 we find τ(0)/τ∗ ≈ 2.4, implying then a very large
base optical depth, τ(0) ≈ 7000.
Even for the weaker super-Eddington case Γo = 2 with
weaker photon-tiringm = 0.1, we find τ(0)/τ∗ ≈ 2.3, still imply-
ing a quite large base optical depth τ(0) = 2.3mΓo 500 = 230.
For small photon-tiring parameter m  1/Γo, equation (24)
gives w(x) ≈ (Γo − 1)x, which when applied in equation (41)
gives a base optical depth τ(0) = 2τ∗/
√
Γo − 1. Using (42), this
can be solved for the tiring parameter that would have unit optical
depth,
mτ(0)=1 =
√
Γo − 1
2Γo
vesc
c
≈ 0.001√
Γo
, (43)
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Figure 8. For Eddington parameters Γo = 10 (top curves) and 100 (bottom
curves), the observed luminosity ratio Lobs/Lo plotted vs. m/mmax, for
the full solution (black curves), and the two scaling relations (39) (dotted
blue curves) and (45) (red dashed curves).
where the latter approximation applies for the solar M/R and Γo
more than order unity.
The upshot is that, apart from such very low photon-tiring pa-
rameter values, these super-Eddington wind solutions are indeed
generally quite optically thick.
4.4 Scaling laws for terminal wind speed and observable
luminosity
Let us next examine the scaling of the terminal wind kinetic energy
w(1) = v2∞/v
2
esc. Figure 7 shows contours of the full solution for
logw(1) as a function of m and 1/Γo. The dotted lines compare a
linear interpolation scaling that bridges between the limiting cases
w(1) = Γo− 1 for mΓo  1 and w(1) ≈ −1 + 1/m for mΓo 
1, viz.
w(1) ≈ Γo
1 +mΓo
− 1 ≈ v
2
∞
v2esc
. (44)
This scaling for the observable luminosity applies for moder-
ate Eddington parameters Γo < 10. For any given Γo, there is a
maximum photon-tiring parameter mmax = 1 − 1/Γo, for which
w(1) = 0. For m → mmax one finds Γ(1) = 1, implying that
the observed luminosity would just be equal to the Eddington lu-
minosity Lobs = LEdd. Thus in this full model that accounts for
radiation-pressure drag, the observed luminosity is always equal to
or greater than the Eddington value.
Equation (44) also suggests a simple scaling for the ratio of
the terminal (observable) luminosity to the lower boundary input
value,
Γ(1)
Γo
= 1−m(w(1) + 1) ≈ 1
1 +mΓo
≈ Lobs
Lo
. (45)
For larger Γo > 10 and m . mmax ≈ 1 − 1/Γo, the
observed luminosity follows the enthalpy scaling (39) derived in
§3.2. As noted by Quataert et al. (2016, see their equation 41), in
the enthalpy limit the observed luminosity can exceed the Edding-
ton value by an even greater factor, Lobs/LEdd ∼ Γ1/3o (see also
Meier 1982; Begelman & Rees 1983; Shen et al. 2016).
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For the cases Γo = 10 and 100, figure 8 comparesLobs/Lo vs.
m/mmax from the full solution (solid black curves) with scaling re-
sults (39) (dotted blue curve) and (45) (red dashed curve). For both
Γo values, the enthalpy scaling (39) provides a good fit for large
m . mmax, but fails to produce the upturn toward Lobs → Lo in
the weak photon-tiring limit m → 0. For the case with Γo = 10,
the simple scaling (45) provides a reasonably good fit for all m;
but for Γo = 100, this scaling underestimates Lobs/Lo for large
m . mmax. For both Γo, the two scalings intersect at an interme-
diate tiring number mb ≈ (0.2 − 0.5)mmax. Thus a rough law
connecting the two limits would be to use the simple scaling (45)
for m 6 mb, and the enthalpy form (39) for m > mb. Compar-
ing equations (39) and (45), we find that mb ≈ Γ−1/3o , in good
agreement with figure 8.
5 SUMMARY AND FUTURE OUTLOOK
This paper derives semi-analytic solutions for a super-Eddington
wind for an idealized model with a steady-state deposition of en-
ergy centered narrowly on a near-surface radius R. In addition to
the momentum requirement that the total base luminosity Lo ex-
ceed the Eddington limit, Γo ≡ Lo/LEdd > 1, there is an energy
requirement that this luminosity should also be sufficient to sustain
the mass loss against the gravitational binding, implying that the
photon-tiring parameter m ≡ M˙GM/RLo < 1− 1/Γo.
A key motivation for the analysis here is to reconcile and unify
previous super-Eddington wind models that were grounded in sur-
face (e.g., Owocki et al. 2004) vs. interior (e.g., Quataert et al.
2016) perspectives, and so made divergent assumptions about the
importance of the radiative flux vs. radiative enthalpy in the wind
driving. The analysis in §3 shows that these apply in opposite limits
of small vs. large values of mΓo, respectively.
Using methods outlined in Appendix §A, solutions of the cou-
pled system of equations for wind momentum (21) and radiative
diffusion (23) give general results (§4) that show how the limiting
regimes are bridged; the added energy near the base of the wind
initially goes into radiative flux, which however is then converted
into radiative enthalpy that sustains the acceleration in the outer
wind. Two key scaling results for these full wind solutions regard
the wind terminal speed, given by equation (44), and the observ-
able luminosity, given by equations (39) and (45). In particular, the
observable radiative luminosity is found always to be at least the
Eddington value, Lobs > LEdd, even in the strong photon-tiring
limit m→ mmax = 1− 1/Γo, for which v∞ → 0.
The mass loss rate is not derived explicitly here, but is effec-
tively a free parameter, implicitly set by the density at the heating
radius in terms of the gas sound speed, M˙ = 4piR2ρ(R)csg. Since
this sound speed has an associated energy that is much less than
the gravitational binding energy, wsg = c2sg/v2esc  1, it has lim-
ited dynamical effect in driving the wind. The solutions derived in
§4 thus assume the idealized limit wsg → 0. Appendix §B shows
explicitly that including a small, but finite wsg ≈ 10−3 − 10−2
has little effect on the solutions above the gas sonic point. The fact
that M˙ ∼ ρ(R) implies that heating must be concentrated near the
surface (where the density is much less than in the interior), in or-
der for m < 1, i.e., in order to overcome the star’s gravitational
binding (see Quataert et al. (2016) for more details).
One key issue not directly addressed by the analysis here re-
gards the response of the envelope to heating at a deep and dense
enough layer that a directly induced mass loss rate would exceed
the photon-tiring limit, m > 1. For this case, 1D time-dependent
hydrodynamical simulations (van Marle et al. 2009; Quataert et al.
2016) show an initial launching of mass outflow that eventually
stagnates. In the simulations by van Marle et al. (2009), the re-
energization of the radiation during fallback leads to repeated
phases of upflow and downflow, with a net outward lifting of a re-
duced mass flux to full escape. These simulations did not, however,
take any account of the advection of radiation and the associated
radiation-pressure drag-effects that are expected for such an opti-
cally thick outflow.
Perhaps more fundamentally, the 1D shells in this model
would be expected to break up into clumps, e.g. by Rayleigh-Taylor
instabilities, in a more realistic multi-dimensional model. One po-
tentially key effect would be to make the medium “porous” (Shaviv
1998; Begelman 2001), with then a reduced radiative driving that
might regulate the mass loss to a rate that can be energetically sus-
tained (Owocki et al. 2004). Another possibility, considered in a
preliminary way in Appendix §C, is that the heating induces con-
vection, with an associated energy transport in deeper layers that
is efficient enough in carrying the added energy to keep the ra-
diative flux below the Eddington limit. The analysis in Appendix
§C indicates that the details of the convective saturation will deter-
mine whether this can effectively delay the onset of mass loss to a
lower-density layer for which m < mmax = 1− 1/Γo, so that the
initiated mass loss is energetically sustainable.
A key issue for future work will thus be to carry out multi-
dimensional simulations using a radiation-hydrodynamics code
that can both track the convective energy transport, and account for
any porous reduction in the opacity, associated with extensive den-
sity inhomogeneity from failed outflow and subsequent fallback.
A promising prototype is provided by the recent 3D simulations by
Jiang et al. (2015) of radiative driving near the iron opacity bump in
massive stars that are just below the electron-scattering Eddington
limit.
Finally, there is of course a need to connect the idealized
super-Eddington wind results here to models with a specific phys-
ical mechanism for envelope heating, e.g., from wave deposition
in single massive stars (Piro 2011; Quataert & Shiode 2012), or
from merger or common envelope evolution in massive-star bina-
ries (Ivanova et al. 2013; Podsiadlowski 2013; Justham et al. 2014).
An overall goal would be to assess the applicability of such super-
Eddington winds for understanding inferred episodes of enhanced
mass-loss from massive stars, for example LBV giant eruptions, or
pre-SN events.
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APPENDIX A: NUMERICAL SCHEME
To solve the dimensionless momentum and diffusion equations (21)
and (23), we first transform p into a new variable q ≡ p(1− x)−2,
so that the equations become
dw
dx
= Γo[1−m(w + x) + 4q
√
w]− 1. (A1)
dq
dx
= −mΓo√
w
[1−m(w + x)] + 2q
1− x + 4mΓoq, (A2)
(This transformation helps avoid numerical issues arising when p
becomes very small near the x = 1 boundary). These equations,
together with the boundary conditions
w(0) = 0, q(1) = 0 (A3)
comprise a two-point boundary value problem, which we solve us-
ing a shooting technique (see, e.g., Press et al. 1992). Because the
boundaries are singular points, we integrate in both directions and
then stitch together the resulting solutions where they pass through
radiative sonic point v =
√
4/3csr, such that
w =
4q
√
w
6m
. (A4)
For the outward integration, we choose an arbitrary initial
q(0) = q0 at the inner boundary x = 0, and use a series expan-
sion to write the solution at x =  1 as
q() = p0 − 2mΓo
√

Γo − 1 + 2p0(1 + 2mΓo)+O(
3/2),
(A5)
w() = (Γo − 1)+O(2). (A6)
Using these expressions as the starting point, we then integrate in
the direction of increasing x using the lsodar routine from the
ODEPACK library of ordinary differential equation solvers (Hind-
marsh 1983), until one of three outcomes is realized:
(i) the integration is terminated before the x = 1 boundary is
reached because q < 0.
(ii) the integration reaches the x = 1 boundary with q(1) > 0.
(iii) the integration is terminated before the x = 1 boundary is
reached because dq/dx > 0.
Case (i) occurs when q0 is chosen too small, while cases (ii) and
(iii) occur when q0 is chosen too large. We apply a bisection al-
gorithm to determine the q0 that yields case (ii) with the smallest
(positive) q(1).
In practice, the outward integration can be very sensitive to the
chosen initial value q0; indeed, for many combinations of m and
Γo, an increase in just the last digit in the finite precision causes
a switch from case (i) to case (iii), without a case (ii) that reaches
x = 1. When the integration does reach x = 1, the value q0 is
insensitive to how small the numerically determined value of q(1)
is. The bisection thus always tightly brackets the initial value q0. In
any case this outward solution is only used to match a correspond-
ing inward solution at the radiative sonic point, which is insensitive
to the exact value q(1).
For this inward integration, we choose an arbitrary initial w1
at the outer boundary x = 1, and use a series expansion to write
the solution at x = 1−  as
w(1− ) = w1 + [1 + Γo(mw1 +m− 1)]+O(2), (A7)
q(1− ) = mΓo
3
√
w1
[1−m(w1 + 1)]+O(2) (A8)
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Figure A1. For a full numerical solution of the standard case with Γo = 10
and m = 0.6, comparison of spatial variations of the left-hand-sides (lhs;
solid curves) and right-hand-sides (rhs; dashed curves) of the wind momen-
tum equation (A1) (lower curves) and the transformed pressure equation
(A2) (upper curves). The fact that results for each equation both appear
nearly as single curves illustrates the nearly perfect overlap between the re-
spective left and right sides, confirming that the derived numerical solution
does indeed satisfy both of the original, coupled ODEs (A1) and (A2).
We then use ODEPACK to integrate in the direction of decreasing
x until one of three outcomes is realized:
(i) the integration is terminated before the x = 0 boundary is
reached because w < 0.
(ii) the integration reaches the x = 0 boundary with w(0) > 0.
(iii) the integration is terminated before the x = 0 boundary is
reached, because dw/dx < 0.
Case (i) occurs when w1 is chosen too small, while cases (ii) and
(iii) occur when w1 is chosen too large. We apply a bisection algo-
rithm to determine the w1 which yields case (ii) with the smallest
(positive) w(0).
For the numerical solutions in the standard case with Γo = 10
and m = 0.6, figure A1 shows that the numerically computed
derivatives dw/dx and −dq/dx that appear on the left-hand-sides
of the original coupled ODEs (A1) and (A2) have a spatial varia-
tion that closely matches the terms that appear on the correspond-
ing right-hand-side. This clearly demonstrates the accuracy of the
derived numerical solution.
APPENDIX B: FINITE-SOUND-SPEED SOLUTIONS
To provide a smooth mapping onto a subsonic, nearly hydrostatic
solution below the heating radius, let us now take a finite value for
the gas sound speed on the left side of the momentum equation
(10). The corresponding dimensionless momentum equation (20)
can then be recast in the form
dw
dx
=
Γ(x)(1−m(w + x+ η))− 1
1− wsg/w , (B1)
where the model lower boundary x = 0 is now taken at the gas
sonic point, with w(0) = wsg.
We also now assume that the heating is spread roughly over a
scale heightH , with an Eddington parameter that increases linearly
from a sonic point value Γs at x = 0, to a final value Γo for x >
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Figure B1. Top: For the case Γo = 10 in the direct flux-driven model
without radiative drag (η = 0), scaled wind energy w vs. x for photon-
tiring parameters m = 0 to 0.8 in steps of 0.1, and for gas sound-speed
cases wsg = 0.01 (blue dashed curves) and wsg = 0.001 (red curves).
The blue dotted line is the solution w = (Γo − 1)x for the simple case
with m = wsg = 0. Bottom: Same as top panel, but now for full solutions
that account for radiation-pressure drag with a non-zero radiative enthalpy
η. The case m = 0.8 no longer has a converged solution, and so is not
shown. The lowermost curve, for m = 0.7, shows a discontinuity for both
values of wsg, so is also not converged.
xH ,
Γ(x) = Γs + (Γo − Γs) min(x/xH , 1) . (B2)
The sonic point value is set to ensure that the numerator of equation
(B1) vanishes,
Γs ≡ 1
1−m(wsg + ηs) , (B3)
while the spatial extent of the heating is given by
xH ≡ 1− R
R+H
≈ 1−
(
1− H
R
)
=
H
R
≈ wsg , (B4)
where the final approximation reflects the basic scaling of the scale
height.
At the sonic point (where w(x = 0) = wsg), the spatial gra-
dient w′s can be evaluated by applying L’Hopital’s rule to the nu-
merator and denominator in equation (B1),
w′2s = (Γo/Γs − 1)−mΓswsg(w′s + 1 + η′s)) . (B5)
Since ws  1, the term with a factor mwsg is small compared
to the order-unity first term in parentheses, implying that the sonic
point slope is well approximated by
w′s ≈
√
Γo/Γs − 1 . (B6)
For the simple photon-tiring model that ignores radiation-
pressure drag (so effectively sets η = 0), the upper panel of fig-
ure B1 presents a log-log plot of w vs. x for scaled sonic energies
wsg = 0.01 (blue dashed curves) and 0.001 (red curves), for pho-
ton tiring parameters ranging from m = 0 to 0.8 in steps of 0.1.
The net result is to effectively truncate the wind energy to the finite,
sonic-point value in the deep region 0 < x < xH , but maintain the
zero-sound-speed solution form in the outer wind.
The lower panel of figure B1 shows analogous log-log plots
for full solutions that include radiation-pressure drag and radia-
tive enthalpy. For both wsg = 10−3 and 10−2, the solutions for
m 6 0.6 again reproduce the outer-wind results for the corre-
sponding zero sound speed limit shown in the middle pane of fig-
ure 5, with just a shift over to the fixed sonic value in the inner
wind. However, for m = 0.7, this finite sonic energy implies also
a strong radiation drag right from the sonic point, leading now to a
mismatch between the outward and inward integrations discussed
in Appendix §A. For still higher m > 0.8, this mismatch becomes
even more pronounced, so is not plotted.
The upshot is that including a small, but finite sound speed
should have only minor effect on models with modest tiring pa-
rameters m . 0.6, but the coupling to the radiative drag can ef-
fectively preclude sonic point initiation of a wind for higher tiring
parameters, m > 0.7.
APPENDIX C: ROLE OF CONVECTION
We consider here the potential role of convection in carrying suf-
ficient energy flux to keep the radiative luminosity below the Ed-
dington limit. This can delay the initiation of a super-Eddington
outflow to a higher, lower-density layer where convection becomes
inefficient. Writing
Lrad = Lo − Lc , (C1)
we can estimate the maximum convective flux as given by free-
streaming of the internal energy at some maximum convective
speed vc,max,
Lc,max
4pir2
= vc,maxE ≈ vc,max3Prad , (C2)
where the last equality assumes that, for the super-Eddington mod-
els here, the energy density is dominated by radiation. Beyond this
convective saturation, the energy flux must again be carried by ra-
diation, leading to initiation of a super-Eddington outflow. Writing
this saturated convective luminosity as some factor f of the Edding-
ton value, Lc,max = fLEdd, the Eddington condition becomes
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Figure C1. For the zero-sound-speed, full-solutions with Γo = 10, plot of
the scaled radiation pressure p vs. the scaled wind energy w, for photon-
tiring parameters m = 0.1 to 0.7 in steps of 0.1, plus m = 0.75, 0.8,
and 0.85. The dashed lines show various limit curves for the base pressure
po, for various assumptions of the sonic energy wsg and the ratio of the
maximum convective speed to sound speed, vc,max/csg, as detailed in text.
Γrad = 1 = Γo − f at some new wind initiation radius r = Ro,
which solves to
Γo − 1 = f = Lc,max
LEdd
= 3 Γopo
vc,max
vesc,o
. (C3)
Defining
√
wcm ≡ vc,max/vesc,o, the base value of the dimension-
less radiation pressure is then
po =
Γo − 1
3Γo
√
wcm
. (C4)
Alternatively, using the fact that mη = 4p
√
w/(1 − x)2, we
find
mηo =
4
3
Γo − 1
Γo
vo
vc,max
. (C5)
Comparing with the dimensionless momentum equation (20) at the
lower boundary condition w = x = 0, we see that the condition
dw/dx > 0 for initiating an outflow becomes
vc,max
vo
>
4
3
. (C6)
Under the general assumption that the wind initial speed is
given by the gas sound speed, vo = csg, let us consider the con-
sequences of the base pressure condition (C4). For the standard
case of Γo = 10, figure C1 presents a log-log plot of p vs. w for
m = 0.1 to 0.7 in steps of 0.1, plus m = 0.75, 0.8, and 0.85, with
black corresponding to m = 0.85 near the photon-tiring limit, and
cyan to weak photon-tiring m = 0.1.
The vertical dashed gold line marks a canonical wsg = 0.01,
with the horizontal dashed blue line the corresponding value of po
from equations (C4) if one takes the maximum convection speed
to be given by this gas sound speed, i.e. wcm = wsg. The slanting
green dashed line is the corresponding locus of po for variable wsg,
still assuming wcm = wsg.
A key point is that these do not intersect the p vs. w curves
for any wsg, implying that an outflow initiated when convection is
limited to wcm = wsg cannot lead to a steady-state model. This is
consistent with the conclusion in equation (C6).
However, by equation (C6), even a small increase in maximum
convection speed to vc,max = (4/3)csg allows wind initiation for
any Γo. The slanting red dashed line shows the corresponding po
variation for this case.
Note that there are now intersections for the blue and black
curves, corresponding to the m = 0.8 and m = 0.85 cases. But
these require a small wsg, about 0.007 for m = 0.8 (blue) and
0.001 for m = 0.85 (black). Both these heavily tired models give
very low terminal speed, viz. about w(1) ≈ 0.05 for m = 0.8, and
w(1) ≈ 0.02 for m = 0.85. Increasing vc,max/csg further would
allow solutions for higher wsg, and at lower m with higher w(1).
Thus delaying wind initiation to a point where convection be-
comes inefficient could lead to steady wind solutions, but these
would tend to be near the photon-tiring limit m . 1, with very
low terminal flow speed, v∞/vesc =
√
w(1)  1. Moreover,
the results depend quite sensitively on the details of the limiting
convective speed vc,max, and the associated maximum convective
energy flux.
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